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Abstract

Let G be a �nite group. An ordinary character of G is the character of a repre-
sentation of G over a �eld of characteristic 0. In the p-modular representation theory
of G,where p is a prime dividing the order of G, the ordinary irreducible characters
of G are divided into disjoint sets called p-blocks which reect the decomposition of
the group algebra of G over a �eld of characteristic p into indecomposable two-sided
ideals. An important problem is to classify the p-blocks, and a �rst step is to count
the number of ordinary characters in a block.

The aim of Dade’s Ordinary Conjecture (DOC) is to prove an alternating sum
of the form X

C=G

(�1)jCjk(NG(C); B; d) = 0; 8d � 0

which counts the number of characters in B in terms of corresponding numbers
in subgroups of G which are normalizers of chains of certain p-subgroups of G.

This has been shown for p-blocks, p dividing q, for GLn(q) , SLn(q) and Un(q).
Moreover, we have proved DOC for SUn(q). The main di�culties involved arose
because the structure of the unitary groups is more complicated than that of the
linear groups. In particular the cancellations in the alternating sum in the unitary
case are very di�erent from the cancellations that occur in the general linear case.
A key result utilized is that a version of the parametrization of characters used by
Ku for Un(q) survives restriction to SUn(q).

This report is devoted to presenting an example which aims to elucidate cancel-
lation that occurs in the previously described sub-sums.
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1 Introduction

This introduction to Part III of this three part series includes the main result from Part
I and Part II. While some de�nitions are restated for clarity, the reader is encouraged to
revisit Part I. In particular Section 2.3 of Part I will remind the reader of the de�nition
of function � in the statements of the main results below.

1.1 Statement of the Main Theorem

Recall the set up in Section 5 of Part I. Let J � I = [m], an index set for the distinguished
generators of the Weyl group of type Bm. Let PJ be the standard parabolic subgroup
of Un(q) corresponding to J . Then PJ =

T
j2J Pj where Pj is the maximal parabolic

subgroup corresponding to j. We have the usual Levi decomposition of PJ = LJUJ
where LJ is a levi subgroup and UJ is the unipotent radical of PJ .

Recall that kd(PJ ; �;det; j) denotes the number of irreducible ordinary characters �
of the parabolic subgroup PJ with q-height d and lying over the central character � such
that the restriction of � to the kernel of the map � has j0 irreducible components, where
j divides j0



In Part I we proved Equation 1a. In Part II we proved Equation 1b. This part is devoted
to a non-trivial example which elucidates the cancellations which occur. In particular,
the author hopes this example serves to motivate the parameterization which is used in
Equation 1b.
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2 The Example: Dimension 4

Let K = F q. Let eG = GL4(K). Under the Frobenius F (ai;j) = M(aqj;i)
�1M�1 we

have eGF = U4(q) which we denote by G



Writing the unipotent radicals of the PJ as block matrices, we have the following UJ
together with their respective derived series:

U; =

(0BB@
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1CCA
)

= 1;

Uf1g =

(0BB@
1 � � �
0 1 0 �
0 0 1 �
0 0 0 1

1CCA
)
>

(0BB@
1 0 0 �
0 1 0 0
0 0 1 0
0 0 0 1

1CCA
)
> 1;

Uf2g =

(0BB@
1 0 � �
0 1 � �
0 0 1 0
0 0 0 1

1CCA
)

= Zf2g > 1;

Uf1;2g =

(0BB@
1 � � �
0 1 � �
0 0 1 �
0 0 0 1

1CCA
)
>

(0BB@
1 0 � �
0 1 � �
0 0 1 0
0 0 0 1

1CCA
)

= Zf2g > 1:

For nonempty J , we enumerate the quotient modules for the PJ and orbit representatives.

J = f1g:

Uf1g=Zf1g �=

(0BB@
1 a b 0
0 1 0 �aq
0 0 1 �bq
0 0 0 1

1CCA j a; b 2 Fq2

)
�= M1;2(q2)is a unitary module for Lf1g:

Let �s correspond to a singular chain of rank 1 in unitary space of dimension 2.
Let �n correspond to a non-singular chain of rank 1 in unitary space of dimension
2.

Zf1g �=

(0BB@
1 0 0 c
0 1 0 0
0 0 1 0
0 0 0 1

1CCA j c+ cq = 0

)
�= M1;1(q)is a central module for Lf1g:

Let x1 = (�) be the unique non-trivial orbit representative.

J = f2g:

Zf2g �=

(0BB@
1 0 a d1

0 1 d2 �aq
0 0 1 0
0 0 0 1

1CCA j a; di 2 Fq2 and di + dqi = 0

)
�= M2;2(q)
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is a central module for Lf2g. Let x2 =

�
� 0
0 �

�
be an orbit representative for

elements of rank 2.

J = f1; 2g:

Uf1;2g=Uf2g �=

(0BB@
1 a 0 0
0 1 0 0
0 0 1 �aq
0 0 0 1

1CCA j a 2 Fq2

)
�= M1;1(q2) is a general linear module for Lf1;2g:

Zf2g �=

(0BB@
1 0 a d1

0 1 d2 �aq
0 0 1 0
0 0 0 1

1CCA j a; di 2 Fq2 and di + dqi = 0

)
�= M2;2(q)

is a central module for

B=Zf2g �=

(0BB@
� � 0 0
0 � 0 0
0 0 � �
0 0 0 �

1CCA
)
�= P+2

f1g:

We enumerate the members of E and F :

E =
�

(;; ;; 0);

(f1; 2g; f1g; (12))

(f1; 2g; f1; 2g; (12))
	
; and

F =
�

(;; ;; 0);

(f1g; f1g; 1); (f2g; f2g; 2); (f1; 2g; f2g; 2);

(f1g; f1; 2g; 1)
	
:

First observation: Take e1 = (f1; 2g; f1g; (12)) so that P (e1) = Pf1;2g=Uf2g �= P+2
f1g

with V (e1) = V (1; 2) �= M1;1(q2). Take nontrivial �g 2 Irr(V (1; 2)) Then

TP (e1)(�) = GL1(q2) n V (e1) �= P (e2) n V (e1):

where e2 = (f1; 2g; f1; 2g; (12)) since P (e2) �= GL1(q2) by de�nition. Also note V (e2) = 1
by de�nition. Let g 2 TB(�g)=Uf1;2g. As a block matrix g can be written:

g =

0BB@
a 0 0 0
0 a 0 0
0 0 a�q 0
0 0 0 a�q

1CCA
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so 4f2 = 2. By de�nition d(f2) = 0 and indeed the exponent of q in jTPf1g(�s)nPf1gj is
zero as already mentioned.

Take non trivial x 2 Irr(Z2
f1g). Then

TP 2
f1g

(x) = U1(q) n



0 since 2 does not divide �(�) for � = (2; 12). Hence,X
J�I

(�1)jJ jk0
1(PJ ; UJ ; �;det; 4) = 0

which doesn’t seem like an interesting calculation. However, examining the other side
of the alternating sum is somewhat more interesting since we see cancellation. Take
x2 2 Sz(f2) and Sz(f3) as above, then

TPf2g(x2)=Uf2g �= U2(q) and TPf1,2g(x2)=Uf2g �= P 2
f1g:

The exponent of q in ��U2(q)nGL2(q2)
�� =

���P 2
f1gnP

+2
f1g

��� is 1:

If K is the kernel of the determinant map restricted to the stabilizers of x2, then

2 divides
���TPf2g(x2)KnPf2g

��� =
���TPf1,2g(x2)KnPf1;2g

��� :
Hence,

kd(Pf2g; x2; �;det1�q; 2) = kd�1(U2(q); �;det2; 1) and

kd(Pf1;2g; x2; �;det1�q; 2) = kd�1(P 2
f1g; �;det2; 1):

ThusX
J�I

(�1)jJ jk1
1(PJ ; UJ ; �;det; 2) = �k0(U2(q); �;det2; 1) + k0(P 2

f1g; �;det2; 1)

= 0

since
�

2
2

�
= 1 > 0.

Let j = 1. Since 1 divides every integer, this case is trivial. Indeed,X
J�I

(�1)jJ jkd(PJ ; UJ ; �;det; 1) =
X
J�I

(�1)jJ jkd(PJ ; UJ ; �)

which has already been shown by Ku ([3]).
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